Abstract. We construct a Fatou-Bieberbach domain Ω in C 2 = C z ×C w such that one of the connected components of Ω ∩ C z is the unit disk D z ⊂ C z .
Introduction
It was asked by Rosay and Rudin [8] whether the intersection of a FatouBieberbach domain and a complex line in C could be a circular disk. We will show the following: which is biholomorphic to C 2 . The theorem is related to the problem of embedding Riemann surfaces properly into C 2 ; it follows immediately that the unit disk can be realized as a closed submanifold of C 2 . Indeed, the first proof of the fact that the unit disk admits a proper holomorphic embedding in C 2 goes as follows: Start with a Fatou-Bieberbach domain Ω ⊂ C 2 with the Runge property (for the existence, see e.g. [8] ). There must exist a complex line
By the Runge property, each connected component of L Ω is simply connected, and by the Riemann mapping theorem, they are all conformally equivalent to the unit disk.
Similarly, it follows from Theorem 1.4 below that the same holds for any bordered Riemann surface, a fact that was proved in [6] . In fact, most of the approaches to the open problem of embedding Riemann surfaces properly into C 2 amounts to circumventing having to prove Theorem 1.1. One proves instead that there is another surface, conformally equivalent to D z (resp. R), for which the theorem holds.
J. Globevnik considered the same problem in [7] , where he showed that the intersection could be as close to the disk in the C 1 -norm as desired. So in that sense our result is much stronger. On the other hand, in his example there are no other connected components of Ω ∩ C z than the (topological) disk.
By the standard construction of Fatou-Bieberbach domains using the push-out method, proving the following is the key issue:
Inductively one constructs
, making sure that the sequence φ(k) converges uniformly on compact subsets of D z and that the inverse sequence φ(k) −1 converges uniformly on compact subsets of C 2 . The domain Ω of convergence of φ(k) will be biholomorphic to C 2 (see e.g. [3] and [8] ). Using Theorem 1.1 and Lemma 2.2 in [5] , it suffices to show the following:
2 be a polynomially convex compact set and assume that
2 such that the following hold:
The difficulty in proving such a lemma comes from the fact that bD z is not polynomially convex.
In this paper we will only give a proof of Theorem 1.1, but by employing parameter versions of the technique of exposing points from [6] together with additional Cartan gluing due to Forstnerič [4] , it is possible to show the following: We will include a brief sketch of the main technical part of the proof after Lemma 2.1 in the next section. For instance, we could let R be a small perturbation in C 2 of an annulus in C z such that the perturbation is polynomially convex.
Question 1.5. Does there exist a Fatou-Bieberbach domain Ω in C
2 intersecting the complex plane in an annulus? Such a domain Ω could not be rationally convex.
Recall that a complex manifold X is said to have the density property (resp. volume density property) if the Lie algebra generated by the complete holomorphic vector fields on X is dense in the algebra of entire vector fields (resp. divergence free vector fields). The proof of our main theorem depends crucially on the fundamental fact that C 2 has the density property (see [1] , [2] ). A more trivial but equally crucial ingredient is the existence of so-called shear automorphisms of C 2 (see e.g. [8] ). The following is therefore an interesting (and supposedly very hard) question: Question 1.6. Does Theorem 1.2 hold if we replace C 2 by a manifold X with the density or volume density property? 2. Proof of Theorem 1.1
Let π 1 denote the projection onto the first coordinate C 2 → C z . By a π 1 -exposed point for an embedding ϕ(D z ) of the unit disk, we will mean a point ϕ(a), a ∈ bD z , with the property that π • ϕ is an embedding near a, and 
Proof. Pick a pointã ∈ bD z . Since C 2 has the density property, there exists an isotopy ϕ t ∈ Aut hol C 2 such that a) and b) are satisfied and |π 1 (ϕ 1 (ã))| ≥ R. To prove it, define an isotopy of injective holomorphic maps near K ∪ {ã}, being the identity near K and movingã to a suitable point away from K, and then apply Theorem 1.1 in [5] (approximating using the Andersén-Lempert approach gives an isotopy of holomorphic automorphisms staying close to the identity near K). Let a 1 , ..., a m be the points in bD z where π 1 •ϕ 1 achieves its maximum. By an arbitrarily small perturbation of ϕ we may assume that one of these points is π 1 -exposed.
Remark 2.2. To prove Theorem 1.4 we need to prove the corresponding lemma for a bordered Riemann surface R in C 2 . In that case, there are finitely many boundary components Γ j of bR, and we want to simultaneously expose points a j ∈ Γ j by an isotopy ϕ t of injective holomorphic maps defined near K ∪ R. The first step would be to "thicken" R using an embedding of a neighborhood of the zero section of the normal bundle of R. Exposing points of this thickened R is achieved by a parametrized version of the technique of exposing points from [6] . Making sure that the isotopy is close to the identity near K ∩ R, this isotopy may be approximately glued to the identity near K by a Cartan gluing technique due to Forstnerič [4] .
Proof of Lemma 1.3. Choose a slightly bigger compact K such that K ⊂ (K )
• . Choose first an isotopy ϕ t as in Lemma 2.1 with R chosen such that
For any small δ > 0 set ψ We remark that it is not stated in [9] that Θ can be chosen to be an isotopy, but by the way it is constructed, using the Andersén-Lempert theory and precomposing with a shear map, it is clear that this can be achieved. Finally let σ μ t ∈ Aut hol C 2 be defined by σ μ t (z, w) := ((1−tμ)·z, w) for 0 < μ < 1.
